Abstract--Childhood diseases such as rubella, measles, mumps, and pertussis can pose serious threats to both children and adults. Years of diligent vaccination campaigns in the U.S. have resulted in high levels of immunity among the population, but these diseases have not yet been eradicated. It is a commonly accepted hypothesis that in large cities, the less-vaccinated immigrant population carries the diseases. We develop two compartmental models that describe the disease dynamics in New York City, specifically tracking the cases among immigrants. We derive thresholds that determine which vaccination rates result in the die-out or persistence of the disease. The analysis is applicable to any communicable disease that fails into the SIR criterion.
INTRODUCTION
Childhood diseases are a problem that all countries face regardless of status. Diseases like measles, mumps, rubella, and pertussis are present in most parts of the world. Even in the United States, which has strict vaccination policies aimed at eradication, these diseases still remain endemic [1] . Total eradication in any one country is not possible. For example, cases are continuously reintroduced to the U.S. through immigration, but immunity from the largely-vaccinated U.S. population stifles big outbreaks. These high vaccination levels are the result of years of public support and persistent campaigns. But ironically, complacency from news of record low case numbers, coupled with lack of availability [2, 3] and growing fears of vaccination side effects, are now resulting in lower vaccination coverage. Little has been done to correct the public misconception that childhood diseases do not pose significant health threats. For young children, the symptoms are usually mild, but in adults, and especially pregnant women, the effects could be dangerous.
As an example, we use the setting of New York City (NYC) where there has been great concern towards disease outbreaks, both natural and deliberate. As in many big cities, immigration is a significant factor, and the diseases these peopIe introduce to the resident population have the potential for widespread effect. Data from the 2000 census [4] shows that the NYC population has been fairly constant over the last ten years (eight million), but the immigration rate (120,000
This material is based upon work supported by the U.S. Army Research Laboratory and the U.S. Army Research Office under Contract/Grant Number DAAD19-03-1-0134. Typeset by A~S-TEX per year) is almost as large as the natural birth rate (127,000 per year). Our hypothesis is that a few childhood disease cases are introduced by immigration each year, and occasionally they fuel small outbreaks. As vaccination levels decline, these outbreaks will grow, possibly becoming an epidemic. Therefore, the p~imary goal of this project is to develop a model that includes the effects of immigration in the spread of rubella in a large city and discerns the minimum vaccination levels required to continue herd immunity, or the natural die-out of the disease.
Mass-action compartmental models with fixed populations have been widely studied in the context of childhood diseases. Because these diseases follow a predicable disease pattern, they can be examined with the standard SIR model. Many models use age-structured groups to determine the optimal strategies for childhood vaccinations, but we are not aware of any models that specify vaccination rates across immigrant populations. There has been some work done for subpopulation immunization rates using an SIRS model [5] , but this model does not apply to childhood diseases. We start with a standard SIR model with specific vaccination rates and then expand this model by dividing the population into separate citizen and immigrant groups. We assume that NYC is practicing a strategy mandating all school age children to have had vaccination. We also assume that the immigrant population generally has a lower vaccination rate, and is supplying both nonvaccinated and infected individuals. We want to explore how infected individuals in the immigrant population can ignite larger outbreaks citywide.
If either the immigrant or citizen vaccination rates drop out of the natural die-out range, the disease will persist in what we call an endemic state. In our model, a disease in the endemic state has solutions that asymptotically approach a steady state. Using the definition that an epidemic is a specific outbreak of a disease in excess of what normally would be expected, we classify outbreaks as large oscillations in solutions above the stable endemic solution. We divide the population into citizen and immigrant classifications and track the contribution of each in an outbreak. As expected, the group with the lower vaccination rate, assumed to be the immigrant group, fuels the persistence of the disease by having earlier and more severe outbreaks. Note that in this model, the vaccination parameters are not constrained and all possible combinations can be analyzed.
This paper begins with a general derivation of our SIR model for the entire population. We then divide the population into citizens and immigrants in a new expanded model and analyze the dynamics.
THE STANDARD MODEL (SIR)
The SIR model is a standard compartmental model that has been used to describe many diseases [6, 7] . The way several childhood diseases, such as measles, mumps, and chicken pox, spread through a population fits into this framework. The model has a susceptible group designated by S, an infected group f, and a removed group _R, denoting vaccinated as well as recovered people. In this model, we do not separate the immigrants from the citizens, and we assume that the immigrants interact equally with everyone. This model assumes that the population is constant, and we approximate the total population by a constant value, N.
We now describe how people move through the different groups. Citizens are born into the population at a constant birth rate (#1), and immigrants enter the population at the immigration rate (it2). Denote the fraction of citizens vaccinated at birth each year as o" 1 and assume the rest are susceptible. We assume the efficacy of the vaccine is 100%. In the immigrant group, an individual can be immune by either having had the disease before they immigrated or being vaccinated. We will loosely describe this immune fraction that enters the population as vaccinated and denote it by a2. Therefore, a nonimmune person is susceptible by being part of the immigrant population or the citizen population. A susceptible individual will move into the infected group through contact with an infected individual, approximated by an average contact rate ~. An infected individual recovers at a rate V, and enters the removed group. The removed group is a mix of citizens and immigrants, and also contains people who are vaccinated.
Following Hethcote [8] , the death rates in the classes balance the births and immigration so that the population size N is constant. Therefore, we use a death rate of A = ~t I -[-~2, which is equally probable in all classes since we assume a low mortality rate for the disease. The differential equations for the full SIR model with immigration are dS ZS[
A summary of the process is drawn in a flow chart in Figure 1 . We assume N, #1, #2 7, and fl are all positive constant parameters. We also bound the vaccination rates 0 < oh, ~r2 _< 1. 
For this model, the long-term behavior falls into two cases: endemic or die out. When the disease dies out naturally: the solution asymptotically approaches a stable disease free equilibrium (DFE) of the form,
The threshold that determines the stability is the vaccination reproduction number.
The DFE is locally stable if R~ < 1. To prove that the DFE has global asymptotic stability for P~ < 1, a Bendixson-Dulac argument shows that there are no periodic solutions and then the Poincare-Bendixson theorem can be used [9] . When the DFE is unstable, there exists the endemic equilibrium,
This equilibrium describes when the disease persists and approaches an endemic state. We can show the endemic equilibrimn is globally asymptotically stable when the DFE is unstable. In a similar argument to Mena-Lorca and Hethcote [I0], when Rv > i, a Lyapunov function can be constructed and our conclusion is reached by the Lyapunov-Lasalle theorem. Therefore, the active parameter space of al vs. a2 is divided into two regions by a boundary where R, --i, called the DFE line. The DFE line is also described as a transcritical bifurcation. It is where stability between the two equilibrium values is transferred. When the system is in the endemic state, much information is given by the local behavior near the fixed point. The Jacobian evaluated at the endemic equilibrium is
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In this case, the eigenvalues are complex with negative real part and this equilibrium can be classified as a spiral sink. The natural frequency of the solution is given by the imaginary part of the eigenvalues. From the Jacobian in equation (6), we see that endemic solutions satisfying equation (8) spiral in a counterclockwise rotation. The physical meaning of this behavior is that for low levels of infectives, the number of susceptibles build. Then, the number of infectives begin to increase until that process is faster than the number of susceptibles being added to the population. Eventually there arc too few people to infect, the outbreak ends, and the number of susceptibles begin to build again.
As an example of endemic behavior, we simulated a typical trajectory for the SIR model using parameters for measles as given in [11] , 7 = 100 and an unvaccinated reproduction number R0 = 17. Then, we use parameters fitted from New York City's census data [4] : a total population of 8 million with 40% immigrants, the average number of citizen births per year as 127,000, and the average number of immigrants entering the city per year as 120,000. Therefore, we use a citizen birth rate of #1 = 0.015875, and immigrant introduction rate of #2 = 0.015, and an average contact rate of/3 = 1700. Setting the vaccination parameters at al = 0.6 and a2 = 0.5, then R~ > 1 and an initial condition of 50 infected people will start an outbreak that will lead to an endemic equilibrium. As shown in Figure 2 , the solution spirals in a counterclockwise rotation towards the fixed point (s~, i~). Next, we study how the subpopulations with different vaccination levels contribute to this process. 
THE EXPANDED MODEL
To monitor the disease specifically in both the citizen and immigrant groups, we create two subpopulations in an expanded model. Consider the total population NT ----N1 + N2, with the two separate subpopulations defined as N1 = citizen population and N2 = immigrant population. Then, we define the following five groups in the subpopulations, $1 -susceptible citizen group, $2 -susceptible immigrant group, I1 -infected citizen group, I2 -infected immigrant group, R1 -removed citizen group, R2 -removed immigrant group.
In this model, we assume that people in both groups interact within their own group using the contact rates/311 and fl22. The contact rate for the interaction outside their own group is fl12 and/321. A summary of the process is described by the following mathematical model,
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In this model, we do not need to calculate ~ and ~t directly because we know the subpopulation totals as well. The DFE requires the disease to die out in both the citizen and the immigrant classes,
#1~-#-~ ,0,0 .
(11)
If the contact rates between the subpopulations are nonzero, it is not possible for the disease to survive in only one subpopulation.
The stability of the DFE depends on the vaccination reproduction number,
When Rv(exp) is less than one, the disease dies out. When Rv(exp) is greater then one, the disease is endemic, and the disease continues in both the immigrant and citizen population. Because of the length and complexity of the endemic equilibrium formulas, we chose not to write them in closed form here, but typical endemic behavior parameters result in spiral sink dynamics similar to Figure 2 .
To reduce the number of parameters and keep consistency, we assume 3 = tim --fl22 and aft =/~12 = fl21, for some 0 < a < 1. Therefore, parameter a allows us to vary the contact rates between the subpopulations in relation to the contact rates within the populations. We graph the boundary between the disease free and the endemic region, given by R,(exp) = 1, as a function of oh, ~r2, and a in Figure 3 . As a increases to one, the curve converges to the line from the original SIR model. Figure 3 . The graph shows the long term behavior for the expanded SIR model as a function of the vaccination rates and coupling parameter a, The parameters follow the example in Figure 2 . The boundary is the vaccination reproduction number Rv(exp) = 1 curve in equation (12) . The top right corner is where Rv(exp) < 1, the DFE is stable, and the disease eventually dies out. The rest of the (rl, or2 parameter space is endemic and the disease persists. The darker curves indicate a increasing from 0 to 1. At a = 1, R,(exp) = 1 matches the line given by equation (4) Figure 8 . This graph represents the time between first outbreak in the immigrant and citizen population as a function of a. We use the same parameter values as in Figure 5 . As a decreases, the time between outbreaks increases, reducing the percentage of citizens infected as shown in Figure 9 . Figure 9 . This graph represents the percentage of citizens in an outbreak as a function of a. We use the same parameter values as in Figure 5 . As a decreases, the citizen outbreak is smaller.
Conversely, as a goes to zero, the disease-free region will become larger, allowing both populations to have lower vaccination rates and still be in the DFE. In Figure 4 , we show how varying effects the DFE. By graphing al, a2, and ~ on a three-dimensional axis, we can see that the level curves where R0 = 1 increase with/3, creating a smaller DFE region.
In Figures 5 and 6 , we show two views of a typical endemic solution for the expanded model. Figure 5 is a time series of the sum of the outbreaks in the two populations. In grey, the number of infected in the citizen population is shown. Figure 6 is similar to Figure 2 , but shows the phase portraits for the two populations separately. Note that both the solutions spiral counterclockwise towards a fixed point in time, implying the standard behavior of the suseeptibles increasing to a level where the outbreak quickly spreads through the population and then repeats. Not as clear from these graphs because of the small time scale, but clearly measurable, is a small delay between the outbreaks in the two populations. Included in Figure 7 is a close up of one time lag. Since a2 < ol, the infection starts in i2 then leaks into il, as expected. This delay decreases as the contact between the two populations increases. Figure 8 shows an example calculation of the delay as the parameter a increases. It follows that this delay would cause fewer citizens to become infected. We show in Figure 9 the percentage of the citizens in an outbreak holding all the parameters constant, but varying a. This agrees with calculating the endemic fixed point as a function of a.
CONCLUSIONS
In this paper, we introduce two systems that model the spread of childhood diseases through a large city, incorporating the effect of immigration. We assume immigrant populations have lower vaccination coverage and we use the parameters for measles in New York City. From this study, a number of conclusions can be drawn. Our primary finding is the boundary relationship of the vaccination reproduction number, which depends on the vaccination rates of the citizen and immigrant groups, that divides the behavior of the disease into endemic and disease-free states.
In the more detailed expanded model, we can see how the disease progresses through the immigrant population and then spreads to the citizen population when the vaccination rates are sufficiently low. The boundary for the disease-free state is stretched as the contact between the two groups decreases. There exists a delay or lag time between the initial immigrant population outbreak and the citizen outbreak that increases with the contact rate between the populations. This delay also effects the number of citizens infected with the disease. The contact rate between the two subpopulations plays an important role in the dynamics and an interesting future direction would be to add seasonality to the contact rates to study how this forcing effects synchrony in both periodic and chaotic solutions.
The expanded model supports the hypothesis that a less vaccinated immigrant group could fuel an epidemic. This behavior was observed in 1997 in a rubella (German measles) outbreak in the NYC area [12] . Twenty-five of the 26 cases were confirmed in immigrants from countries that do not vaccinate against rubella. Again in 2002, a smaller outbreak of measles occurred in the Pakistani-American immigrant population of NYC [13] . Because the vaccination levels for the citizen population remain sufficiently high, the outbreaks did not spread and become endemic. It is just an example of how often diseases are introduced into large populations and how important it is to keep vaccination levels high.
